We give, in the framework of the bosonic string theory, simple prescriptions for computing, at tree and one-loop levels, off-shell string amplitudes for open and closed string massless states. In particular we obtain a tree amplitude for three open strings that in the field theory limit coincides with the three-gluon vertex in the usual covariant gauge and two-string one-loop amplitudes satisfying the property of transversality.
Perturbative calculations in string theories involve scattering amplitudes with onshell physical external states. The underlying conformal (and superconformal) invariance imposes that vertex operators have to be primary fields and this condition constrains the external states to be on-shell.
However, on-shell conditions, even if very important for the internal consistency of the theory, sometimes turn out to be a serious limitation in practical calculations.
One of these limitations appears in the field theory limit or zero slope limit (α ′ → 0) of string amplitudes.
It is well-known that in the zero-slope limit the various string models have to reproduce perturbative aspects of ordinary gauge field theories of the fundamental interactions, including gravity.
In particular, closed strings can be used to get information on perturbative quantum gravity and its divergences [1] , while open strings, with a SU(N) gauge symmetry embodied by Chan-Paton factors, give informations on non-abelian gauge theories. Indeed, instead of computing field theory amplitudes by conventional methods, which are known to be algebraically very complex expecially at high loop order and in quantum gravity, one can compute the corresponding string amplitudes, that have more compact expressions and are much fewer, and then evaluate their low-energy limit [2] ÷ [6] .
In field theory, however, one is also interested in calculating off-shell, gauge dependent quantities such as anomalous dimensions or general Green functions. It is then clear that a reliable prescription for off-shell string amplitudes has to be formulated.
Furthermore, once an off-shell prescription has been defined, one can also use it to compute processes involving interactions among D-branes [7, 8, 9] . Therefore, there are many reasons of interest in studying off-shell string amplitudes.
Off-shell extensions have been studied in great deal until now [10] ÷ [14] and it can be shown that while on-shell string amplitudes are independent from the choice of local coordinate systems defined around the punctures [15, 16] , their off-shell extension depends on how that choice is performed. In the following, in the framework of the operatorial formalism, we will give a general prescription for computing off-shell string amplitudes at tree and one-loop levels. We will examine the general M-string amplitude for M massless states and we will propose a simple choice of local coordinates at the punctures on the Riemann surface, such that none of the on-shell conditions on the external states has to be kept. The tree three-gluon amplitude obtained with this procedure, reproduces, in the low energy limit, the usual three-gluon vertex written in the usual covariant gauge while the one-loop string amplitudes obtained in the case M = 2 turn out to satisfy the transversality condition.
Finally, we would like also to stress that in the following it is not necessary to use a consistent model of string expecially if the final aim is the exploration of the field theory limit. In fact, as shown in Ref. [17] , in order to extract field theory results from string theories one can use the bosonic model and disregard by hand tachyons in calculations.
Keeping this in mind we will consider the simplest, but rich enough for further extensions, the bosonic string model and, by using the operatorial formalism, we will obtain off-shell bosonic string amplitudes. 
Let us restrict to the case of external massless states of the bosonic closed string. Such states depend both on the polarization tensor ǫ, that we decompose as ǫ µν = ξ µ ⊗ξ ν , and on the momentum p:
where N 0 = κ/π, with κ being the gravitational constant in d dimensions [17] .
The state defined in (2), according to the symmetry properties of the polarization tensor ǫ µν , describes the antisymmetric tensor or a combination of gravitons and dilatons.
We first consider the one-loop case. When the operator V 1,M is saturated on M massless states (2), it gives the following amplitude [18] :
This expression has to be understood as an expansion in the polarization vectors ξ The one-loop measure is [19] [dm]
being the volume of the projective group; (ξ, η) and k are respectively the fixed points and the multiplier of the projective transformation [15] .
G(z i , z j ) is the one-loop Green function given by [20] :
Finally the functions V i (z) are local conformal coordinates defined around the punctures and satisfying the constraint
depending on the choice of the local coordinates defined around the punctures. This is somewhat analogous to what happens in gauge theories, where on-shell amplitudes are gauge invariant, while their off-shell counterpart are not.
We can use the freedom of choosing the conformal local map V i (z) in order to write the amplitude (3) in a more simple and compact form depending only on the Green function.
This can be obtained first rescaling the Green function as follows:
This expression coincides with the one given in literature [21, 22] , where the conformal maps V i 's depend on the moduli of the world-sheet and on the punctures.
Furthermore, by choosing at one-loop:
we reproduce the translational invariant Green function on the torus [20] . However the condition (6) is not sufficient to write the amplitude (3) only in terms of the Green function; this can be achieved imposing the further condition:
The constraints (4), (6) and (7) may be satisfied, choosing, for instance, the following holomorphic local coordinate map at the puncture z i :
This choice allows us to rewrite the eq. (3) as:
and it reproduces, for small values of z, the gauge
that has been proposed for the open string [14] , together with the semi off-shell conditions p 2 = 0 and ǫ · p = 0 for external photons.
We point out that, instead, our choice does not need to be coupled to any other condition. Our proposal for the local maps V i (z)'s includes all the off-shell conditions.
In the following we will check our prescription for off-shell bosonic string amplitudes by considering the case M = 2.
The one-loop two-string amplitude is obtained by expanding A 2;1 up to terms linear in each external polarization. After some algebra we get:
where the explicit expressions for the coefficients a i 's, i = 1, . . . , 10, depending on the Green function and its derivative, can be found in the Ref. [18] .
By integrating by parts all the terms containing double derivatives of the Green function and using the symmetry in the exchange of the two external states, it can be shown that only three a i 's are independent [18] .
Rewriting T µνρσ in terms of the independents coefficients, this expression drastically simplifies reducing to:
where we used the momentum conservation for setting p (1) = −p (2) ≡ p and made explicit the symmetry properties on the indices (µν) which refer to the polarization tensor of the particle (1) and (ρσ) which refer to the one of the particle (2).
It is simple to check that the one-loop amplitude, as an off-shell string amplitude, has the property of being transverse:
Let us to check that our prescription also works in the open string case [14] . In this case we will show that our procedure gives consistent off-shell amplitudes both at tree level and one-loop.
The starting point is again the M-gluon g-loop amplitude [18] , computed saturating the M-string g-loop Vertex for the open string on M states so defined:
where
The corresponding amplitude is given by 4 :
The relation between the string coupling constant g s and g d is given by [14] :
is the Chan-Paton factor appropriate for an M-gluon g-loop planar diagram, with λ's being the generators of SU(N) in the fundamental tachyons, and
being the g-loop Green function [20] that, also in this case, can be rescaled:
Let us consider first the simpler case of one-loop. In this case the choice (8) in (15) reproduces the right translational invariant Green function and allows us to rewrite the amplitudes in a very compact form:
Specializing the previous result for two external gluons we get [18] :
with
Again the explicit expression for the a i 's can be found in Ref. [18] .
By integrating by parts the terms containing the double derivative of G(z i , z j ), we can rewrite the previous amplitude as follows [18] :
This amplitude, as an off-shell string amplitude, is again transverse.
In conclusion the choice (8) for the local coordinates provides transverse one-loop two-massless amplitudes both in the open and closed bosonic string.
Let us now analyse how our procedure can be applied at tree level and for three massless states (12) of the open string [23] .
The starting point is again the relation (13) now specialized to M = 3 and g = 0. In this case it is simple to check that inserting in eq. (16) the condition (8), which we used at one-loop, one gets off-shell amplitudes that are not projective invariant.
Since the projective invariance of off-shell string amplitudes is an important requirement, being related to factorization and finiteness of the theory [24] , one has to require it for the amplitude in exam. This implies that new expressions for the functions V 
Furthermore, requiring that the whole amplitude, and not only its low-energy limit, be projective invariant univocally fixes V ′ i (0) as:
that corresponds to the so-called Lovelace choice, where V i (z) is the projective transformation which maps the points ∞, 0, 1 respectively in z i−1 , z i , z i+1 .
